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Abstract
For a finite set of points X ⊆ Pn and for a given point P ∈ X, the notion of a separator of P in
X (a hypersurface containing all the points in X except P) and of the degree of P in X , dX P (the
minimum degree of these separators) has been largely studied. In this paper we extend these notions
to a set of points X on a projectively normal surface S ⊆ Pn , considering as separators arithmetically
Cohen–Macaulay curves and generalizing the case S = P2 in a natural way. We denote the minimum
degree of such curves as dX,S P and we study its relation to dX P . We prove that if S is a variety of
minimal degree these two terms are explicitly related by a formula, whereas only an inequality holds
for other kinds of surfaces.
c© 2005 Elsevier B.V. All rights reserved.
MSC: 14M05; 14H50
0. Introduction
For a finite set of distinct pointsX ⊆ Pn , various numerical invariants can be defined and
have been classically studied. Here we focus our attention on the study of the separators
of a point in X, namely the forms that vanish at all points of X but one. The minimum
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degree of the set of separators of a point P is called the degree of P in X and is denoted
by dX P . This notion was introduced in [11] by Orecchia, who gave a description of the
conductor ideal associated to X in terms of the degrees of the points. One can read the
range of possible degrees of a point in X from the Hilbert function of X. In the paper [3],
Geramita et al. proved that all points of a finite set X of points in general position on a
projectively normal algebraic variety S ⊂ Pn have the same degree, and this degree is
related to the Hilbert function of S.
The initial idea of this paper is to study dX P where X is a set of points (not necessarily
in general position) on a projectively normal algebraic surface S ⊂ Pn , and P is any point
in X. The key aim in our work is to extend the notion of “degree of a point in X” to
“degree of a point in X with respect to S”, which we denote by dX,S P (see Definition 2.2).
The goal is to deduce information about dX P using the geometry of S. When S = P2
(where several results on the degree of a point have been proved, see for instance [12,
9,1]) this new notion coincides with the usual definition of dX P in P2. In the more
general case, we first have to decide which curves on a surface S play the role of the
separator of a point. As the discussion in Example 2.1 will clarify, a good choice is to
consider arithmetically Cohen–Macaulay curves as separators of points, provided S is itself
arithmetically Cohen–Macaulay. The main result in this paper is Theorem 2.7 where we
give a formula that relates the degree of a point in X to the degree of a point in X with
respect to S when S is a surface of minimal degree. Example 2.10 shows that it is not
possible to extend this result to an arbitrary arithmetically Cohen–Macaulay surface.
1. Preliminaries and notation
Throughout this paper we will work over an algebraically closed field k. R =
k[x0, . . . , xn] will denote the polynomial ring in n + 1 indeterminates and Pn will be the
corresponding projective space of dimension n. If S ⊂ Pn is a closed subscheme, IS will
denote its saturated homogeneous ideal in R, JS the corresponding sheaf, HFS the Hilbert
function of R/IS and1HS the first difference of HFS . Moreover, ifX is a zero-dimensional
scheme in Pn , we set σX = min{i ∈ N | 1HX(i) = 0}. We say that a statement holds
for a general set of points X if there is a nonempty open subset of the family of all X’s for
which the statement holds.
Now we recall the definition of the separator of a point in a set of points and some well
known results:
Definition 1.1. LetX = {P1, . . . , Ps} be a set of s distinct points in Pn . We say that F ∈ R
is a separator of Pi (1 ≤ i ≤ s) if F(Pj ) = 0 for all j 6= i , 1 ≤ j ≤ s, and F(Pi ) 6= 0.
The minimum degree of a separator for Pi is called the degree of Pi in X and is denoted
by dX Pi .
Lemma 1.2 ([2], Lemma 2.4). Let X be a finite set of distinct points in Pn . Then for all
P ∈ X we have dX P ≤ σX − 1.
Orecchia proved that equality holds in Lemma 1.2 when we consider points in general
position in Pn (see [11], Prop. 3.5). To set notation we recall the definition of points in
general position:
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Definition 1.3. Let S ⊆ Pn be a projective variety of dimension ≥ 1. If X ⊂ S is a set of
s distinct points on S, we say that X consists of points in general position on S if for all
t ∈ Z
HFX(t) = min{s,HFS(t)}. (1)
Remark 1.4. Note that condition (1) holds for a general set of points on S (see [4]).
Geramita et al. generalized the result of Orecchia when X is a set of points in general
position on an algebraic variety S ⊂ Pn ([3], Lemma 2.3):
Proposition 1.5. Let S ⊆ Pn be an integral projectively normal scheme of dimension ≥ 1.
Let X ⊂ S be a set of s points in general position on S. Then for all P ∈ X we have
dX P = min{a | s ≤ HFS(a)}.
As we will deal with sets of points on algebraic surfaces and in particular on rational
normal scroll surfaces, here we briefly recall the geometric description of this kind of
surface and we enumerate some of their basic properties. For a more detailed description
see [5].
Definition 1.6. Take two integers a0, a1 so that 0 ≤ a0 ≤ a1, a1 > 0 and n = a0+ a1+ 1.
Consider complementary linear subspaces L0 ∼= Pa0 , L1 ∼= Pa1 in Pn and in each L i
choose a rational normal curve Ci of degree ai and an isomorphism φi : P1 → Ci (if
a0 = 0, C0 = L0 is just one point). Then the variety
S(a0, a1) =
⋃
p∈P1
〈φ0(p), φ1(p)〉
is a rational normal scroll surface of degree c := a0 + a1 in Pn (the expression
〈φ0(p), φ1(p)〉 denotes the line determined by the points φ0(p) and φ1(p)).
The most familiar examples of rational normal scroll surfaces are P2, which is S(0, 1),
the smooth quadric S(1, 1) ⊂ P3 and the cone over a rational normal curve of degree a in
Pa , which is S(0, a) ⊂ Pa+1. It is known that a rational normal scroll surface S = S(a0, a1)
is smooth if and only if S = P2 or a0 6= 0.
Rational normal scrolls are varieties of minimal degree, namely deg S = codim S + 1.
There is a classification of varieties of minimal degree by Del Pezzo and Bertini (see [5]).
For surfaces the classification is the following:
Theorem 1.7. Let X ⊂ Pn be an integral surface of minimal degree not contained in
any hyperplane. Then S is either a rational normal scroll surface or the Veronese surface
P2 ↪→ P5.
The divisor class group of a rational normal scroll surface S = S(a0, a1) ⊂ Pn , S 6= P2,
is generated by the general hyperplane section HS and a line (usually called the fiber
F). If S is a smooth rational normal scroll then its divisor class group is isomorphic to
Z.HS ⊕ Z.F . If S = S(0, a), a > 1, then its divisor class group is isomorphic to Z.F and
HS ∼ aF .
We recall the definition of an arithmetically Cohen–Macaulay scheme.
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Definition 1.8. A closed scheme S ⊂ Pn is an arithmetically Cohen–Macaulay (ACM)
scheme if its homogeneous coordinate ring R/IS is a Cohen–Macaulay ring.
Rational normal scrolls are standard determinantal varieties and in particular they are
ACM schemes in Pn , as can be deduced from the Eagon–Northcott resolution.
Definition 1.9. A closed subscheme S ⊆ Pn is projectively normal if its homogeneous
coordinate ring is an integrally closed domain.
Remark 1.10. S ⊆ Pn is a projectively normal scheme if and only if it is normal, and the
natural map H0(Pn,OPn (m)) ϕ→ H0(S,OS(m)) is surjective for all m ∈ Z (see Exercise
II.5.14, [6]). In particular, rational normal scrolls are projectively normal varieties. In this
case note that HFS(m) = h0(S,OS(m)) for all m ≥ 0.
2. Main results
Throughout this section, S ⊆ Pn will be an integral projectively normal scheme of
dimension ≥ 1 and X will be a finite set of distinct points on S.
We would like to give a notion of degree of a point in S which extends the notion of
degree of a point in Pn . In particular, if S is a surface, this should generalize the notion of
the degree of a point in P2 and coincide with it when S = P2.
Example 2.1. Let Q ⊆ P3 be a non-singular quadric surface and let X be a set of points
on Q. Extending the idea of the separator of points in P2, we want to separate one point by
a curve on Q. It is well known that the linear equivalence class of a curve C on Q can be
written as a pair (a, b) if C is linearly equivalent to aL + bM , and L ,M are lines in the
two opposite rulings of lines in Q.
Let X = {P1, P2, P3} be a set of 3 distinct points in Q where P2 and P3 lie on a line
L in Q, P1 6∈ L and the lines P1P2, P1P3 are not contained in Q. Note that dX Pi = 1,
i = 1, 2, 3. Clearly L is the “smallest” curve inside Q that separates P1 in X, but we have
various possibilities for the separators of the other points. For example, there exists a curve
C1 of type (1, 1) that separates P2 in X, but there also exists a curve C2 of type (0, 2) that
separates the point. Which one is the “smallest”? Both of them have degree 2, but they lie
in different linear systems. Note that C1 is contained in a hyperplane that does not contain
P2, so this hyperplane is a minimal separator of P2 in X considered as subschemes of P3.
However, C2 does not lie in a hyperplane, so in this case it would be natural to consider C1
as a separator of P2 in X considered as subschemes in Q.
We consider now the set of points Y given by X ∪ {P4}, where P4 is a point in the line
L different from P2, P3. In this case dY P1 = 1 and for i = 2, 3, 4 we have dY Pi = 2. In
Q, in order to separate P2 in Y we can take a curve D1 of type (1, 2) or a curve D2 of type
(0, 3). Again there exists a quadric hypersurface containing D1, but not P2, and this gives
a minimal separator of P2 in Y as subschemes in P3. Furthermore, the smallest degree of
a hypersurface containing D2 but not P2 is 3, so in this case it seems natural to take D1 as
minimal separator of P2 in Y. We will find out (see below) that the right notion, at least for
surfaces of minimal degree, is to consider ACM curves (see Definition 1.8). In the quadric
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surface Q the ACM curves are the curves of type (a, b) with |a − b| ≤ 1 (see Exercise
III.5.6, [6]). In particular, C1 and D1 are ACM curves.
Definition 2.2. Let S ⊆ Pn be an integral ACM surface and X a finite set of distinct points
in S. For any point P ∈ X we define the degree dX,S of P in X with respect to S as the
least integer d for which there exists an ACM curve C ⊂ S of degree d containing X \ {P}
but not containing P .
Remark 2.3. As all curves in P2 are arithmetically Cohen–Macaulay, this definition
clearly generalizes the classical notion of the degree of a point in a finite set of distinct
points in P2.
Remark 2.4. We could extend the definition to non-integral or non-ACM surfaces.
However, we do not find it appropriate to extend the definition to a non-irreducible scheme
S, because a hypersurface not containing S might contain some of its components.
We require S to be ACM because a general hypersurface section of a surface S is an
ACM curve if and only if S is ACM itself (see [8]). Moreover, we need the restriction
map ϕ (see Remark 1.10) be a surjective map so that any divisor cut out by hypersurfaces,
D ∼ mHS , is actually the intersection of a hypersurface G in Pn of degree m and S, that
is D = S ∩ G. Indeed, when S is an ACM surface (or projectively normal), the exact
sequence
0 −→ H0(JS(m)) −→ H0(OPn (m)) ϕ−→ H0(OS(m)) −→ 0
ensures the existence of a hypersurface G ⊂ Pn of degree m such that D = G ∩ S.
We illustrate the previous definition by continuing the example of the quadric surface.
Example 2.5. Let Q ⊂ P3 be a nonsingular quadric surface and let X = {P1, P2, P3} be a
set of distinct points in Q.
(a) IfX is contained in a line L ⊂ P3, then dX Pi = 2 for i = 1, 2, 3. We observe that there
exists a curve of type (1, 2) in Q containing two of the points but not the other, and
there does not exist an ACM curve of smaller degree, so dX,Q Pi = 3 for i = 1, 2, 3.
(b) If X is not contained in a line, then dX Pi = 1 for i = 1, 2, 3. To compute the degree
of the points in X with respect to Q, we have to distinguish two cases.
If two of the points, say P2 and P3, are contained in a line L ∼ (1, 0) inside Q, then
dX,Q P1 = 1 (the line L is the separator of minimum degree) and
dX,Q P2 =
{
1 if {P1, P3} ⊆ R ⊂ Q, R line
2 otherwise
(in the first case, consider the line R as minimal separator, and in the second case
consider a curve of type (1, 1)). Analogously for P3.
If no pair of points lies on a line in Q, then dX,Q Pi = 2 for i = 1, 2, 3 because in
this case a curve of type (1, 1) is the minimal separator. Note that in all cases we have
dX P =
⌈
dX,S P
2
⌉
.
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Lemma 2.6. Let S ⊆ Pn be an integral ACM surface of degree c and X a finite set of
distinct points in S. Then for all P ∈ X we have
dX P ≥
⌈
dX,S P
c
⌉
.
Proof. Let d be the degree of P in Pn , d = dX P . Then there exists a hypersurface Hd
of degree d such that P 6∈ Hd and Hd ⊃ X \ {P}. Hence Hd does not contain S and
C = Hd∩S is an ACM curve on S (see Remark 2.4) which containsX but not P . Therefore
dX,S P ≤ degC = d · c. 
Theorem 2.7. Let S ⊆ Pn be an integral surface of minimal degree. Let X ⊂ S be a finite
set of distinct points such that none of them is contained in the singular locus of S. Then
for all P ∈ X we have
dX P =
⌈
dX,S P
deg S
⌉
.
Proof. The inequality ≥ has already been proved in Lemma 2.6. We now prove the other
inequality. Let e be the degree of P in X with respect to S, e = dX,S P . Then there exists
an ACM curve C of degree e containing X \ {P} but not P . By Theorem 1.7, we know that
S is one of the following surfaces:
(a) a smooth rational normal scroll of degree c, S = S(a0, a1), c = a0 + a1, a0 > 0;
(b) the cone over a rational normal curve of degree c, S = S(0, c) ⊂ Pc+1;
(c) the Veronese surface S ⊂ P5.
We treat each case separately.
Case (a) We write C ∼ mHS + l F so that we have e = mc + l. As C is an ACM curve,
we have 1− c ≤ l ≤ 1 (see [10], 5.10).
We first assume l = 1. As the linear system |HS − F | is base point free (see [5]),
we consider C ′ a divisor linearly equivalent to HS − F that does not contain the point
P and that does not contain any irreducible component of C . Then let D be the union
of C and C ′, so that D ∼ (m + 1)HS . Moreover, as S is a projectively normal scheme,
H1(JS(m + 1)) = 0 and from the following exact sequence
0 −→ H0(JS(m + 1)) −→ H0(OPn (m + 1)) −→ H0(OS(m + 1)) −→ 0
we deduce that there exists a hypersurface Hm+1 of degree m + 1 in Pn such that
D = S ∩ Hm+1. Therefore
dX P ≤ m + 1 =
⌈
mc + 1
c
⌉
=
⌈e
c
⌉
.
We now assume l ≤ 0. As the linear system |−l F | is base point free (see [5]), we consider
C ′ to be a curve linearly equivalent to −l F that does not contain the point P nor any
irreducible component of C . Then let D be the union of C and C ′. As before, D is the
intersection of S and a hypersurface Hm of degree m, and thus
dX P ≤ m = e − lc .
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As 1− c ≤ l ≤ 0, m = ⌈ ec⌉ and we are done.
Case (b) Let V be the vertex of S. The divisor class group of S is isomorphic to Z and is
generated by a fiber F . Since the general hyperplane section HS is linearly equivalent to
cF , we can write C ∼ mHS + l F where e = mc + l and 0 ≤ l < c, m ≥ 0. If l = 0, C
is in fact a hypersurface section as above (see Remark 2.4) and there is nothing to prove.
We now assume l > 0. We consider C ′ a curve on S linearly equivalent to HS − l F not
passing through P and not containing any irreducible component of C . Note that C ′ exists
because l different fibers in S span a projective space of dimension l and since l < c, there
exists a hyperplane H ∼= Pc containing l different fibers and not containing P (observe
that here we need P 6= V ). If we call D the union of C and C ′ then D ∼ (m + 1)HS is a
hypersurface section of S (see Remark 2.4) that contains X \ {P} and does not contain P .
Therefore dX P ≤ m + 1 =
⌈ e
c
⌉
as we wanted to prove.
Case (c) We recall that the divisor class group of the Veronese surface S is isomorphic to
Z and is generated by a conic E . The Veronese surface has degree 4 and every effective
divisor on S is an ACM curve. The general hyperplane section HS is linearly equivalent
to 2E , so we write C ∼ mHS + E where e = 4m +  and  = 0, 1, m ≥ 0. If  = 0,
C is in fact a hypersurface section (see Remark 2.4) and we are done. We now assume
 = 1. We consider C ′ a curve on S linearly equivalent to E , not passing through P , and
not containing any irreducible component of C (note that we can do this because the linear
system |E | is base point free). Then D = C∪C ′ is a curve linearly equivalent to (m+1)HS
not containing P but containing X \ {P}. Again by Remark 2.4, D = S ∩ G where G is a
separator of P in X in P5 of degree m + 1. Hence, dX P ≤ m + 1 =
⌈
dX,S P
4
⌉
. 
Remark 2.8. Note that S(0, 1) = P2 and Theorem 2.7 is trivial in this case.
Example 2.9. In this example we want to show how Theorem 2.7 can be used to deduce
the degree of a point in Pn . Let X ⊂ P5 be a set of distinct points on the Veronese surface
S and let P be any point in X. As S is the image of the 2-tuple embedding φ : P2 → P5,
we can compute dX,S P . Indeed, if X = φ(Y), P = φ(Q) and we set m = dY,P2 Q, then
dX,S P = 2m because every curve on S is ACM and the separator of Q in Y ⊂ P2
is mapped to the separator of P in X ⊂ S. Therefore by Theorem 2.7 we have that
dX P =
⌈m
2
⌉
.
We would like to point out that the equality of Theorem 2.7 does not hold in general for
an arbitrary ACM surface as can be seen in the following example.
Example 2.10. Let S ⊂ P3 be a smooth cubic surface and let X be a set of 5 distinct points
P1, . . . , P5 in S so that P1, P2, P3, P4 lie on a twisted cubic curve C on S and P5 6∈ C . The
curve C is a curve that separates P5 in X with respect to S of minimal degree, thus clearly
dX P5 = 2 and dX,S P5 = 3. Thus,
⌈
dX,S P5
3
⌉
= 1 which is strictly less than dX P5.
However the equality is still true when we consider general points on S. Indeed, letX be
a set of s general points on the cubic surface S and let P ∈ X. We know by Proposition 1.5
that dX P = min{a | s ≤ HFS(a)}. We call d the degree of P in X, d = dX P . In this case
we have HFS(a) = 3a(a + 1)/2 + 1, a ∈ Z, so 3d(d − 1)/2 < s ≤ 3d(d + 1)/2 + 1.
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A smooth ACM curve C on S corresponds to one of the following types of curves (see the
proof of Proposition 2.4 in [7]):
(i) C ∼ L + (a − 1)HS , degC = 3a − 2, gC = 12 (3a2 − 7a + 4)
(ii) C ∼ C0 + (a − 1)HS , degC = 3a − 1, gC = 12 (3a2 − 5a + 2)
(iii) C ∼ Γ + (a − 1)HS , degC = 3a, gC = 12 (3a2 − 3a)
(iv) C ∼ aHS , degC = 3a, gC = 12 (3a2 − 3a + 2)
where L is a line on S, C0 is a conic on S and Γ is a twisted cubic inside S. For these
curves the dimension of the linear system is given by degC + gC − 1 and in each case it
is:
(i) d1(a) = 12 (3a2 − a)− 1
(ii) d2(a) = 12 (3a2 + a)− 1
(iii) d3(a) = 32a(a + 1)− 1
(iv) d4(a) = 32a(a + 1).
We observe that 3d(d − 1)/2 < d j (d) ≤ 3d(d + 1)/2 + 1 for j = 1, . . . , 4. As X is
a set of s general points on S and s satisfies 3d(d − 1)/2 < s ≤ 3d(d + 1)/2 + 1, the
smallest ACM curve C containing X \ {P} but not P is of type (i), (ii), (iii) or (iv) with
a = d . Therefore degC = dX,S P is equal to 3d − 2, 3d − 1 or 3d, so
⌈
dX,S P
3
⌉
= d.
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